Multi-indexed orthogonal polynomials describe eigenfunctions of exactly solvable shape-invariant quantum mechanical systems in one dimension obtained by the method of virtual states deletion. Multi-indexed orthogonal polynomials are labeled by a set of degrees of polynomial parts of virtual state wavefunctions. For multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types, two different index sets may give equivalent multi-indexed orthogonal polynomials. We clarify these equivalences. Multi-indexed orthogonal polynomials with both type I and II indices are proportional to those of type I indices only (or type II indices only) with shifted parameters.
Introduction
Exactly solvable quantum mechanical systems in one dimension have seen remarkable developments in recent years [1] - [30] . Important ingredients are new types of orthogonal polynomials; exceptional orthogonal polynomials [1, 3, 23, 25] and its generalization, multiindexed orthogonal polynomials [4, 5, 26, 27] . Multi-indexed orthogonal polynomials are the main parts of eigenfunctions of the shape-invariantly deformed quantum mechanical systems, which are obtained from the original shape-invariant systems by the method of virtual states deletion. Multi-index orthogonal polynomials of Laguerre, Jacobi, Wilson, Askey-Wilson, Racah and q-Racah types have been constructed. They satisfy second order differential/difference equations and form a complete set. Their degrees start from some positive integer ℓ and Bochner's theorem [31] and its generalization are avoided.
The method of virtual states deletion [5] is a systematic procedure to obtain iso-spectral exactly solvable quantum mechanical systems from the original exactly solvable systems. It based on the Darboux-Crum transformation [32, 33] taking virtual state wavefunctions as seed solutions. The Darboux-Crum transformation in terms of eigenfunctions gives Krein- Adler transformation [34] , by which some eigenstates of the original system are deleted. The Darboux-Crum transformation in terms of pseudo virtual state wavefunctions [18, 30] gives a deformed system in which some extra eigenstates are added to the original system. Virtual and pseudo virtual state wavefunctions are obtained from the eigenfunctions by using the discrete symmetries of the Hamiltonian [5, 26, 27, 18, 30] .
Multi-indexed orthogonal polynomials are labeled by an index set D = {d 1 , . . . , d M }, where d j is the degree of the polynomial part of the virtual state wavefunction for deletion. For Laguerre, Jacobi, Wilson and Askey-Wilson cases, we have two types of virtual states, type I and type II [5, 27] . For these cases, it may happen that the deformed system labeled by an index set D and another deformed system labeled by a different index set D ′ with shifted parameters are equivalent, which means that the corresponding two multi- commented in [18, 30] , where Wronskian/Casoratian identities and equivalence of two deformed systems are obtained by using the Darboux-Crum transformation in terms of pseudo virtual state wavefunctions. In this paper we generalize this result. By extending the Wronskian/Casoratian identities given in [18, 30] , we show that the multi-indexed orthogonal polynomials with both type I and II indices (2.11) are proportional to those with type I indices only (4.11) (or type II indices only (4.16) 
Quantum Mechanical Systems and Multi-Indexed Orthogonal Polynomials
Our analysis is based on the quantum mechanical formulation, in which the Schrödinger equation is a second order differential (oQM, ordinary Quantum Mechanics) or difference (idQM, discrete Quantum Mechanics with pure imaginary shifts). See, for example, [22] for the general introduction. Here we recapitulate the Darboux-Crum approach to quantum mechanical systems with a continuous dynamical variable x and the multi-indexed orthogonal polynomials [32, 33, 34, 20, 21, 5, 27] .
We consider quantum mechanical systems in one dimension (x 1 < x < x 2 ),
where the momentum operator is p = −i n (x) with energy E n are oQM : φ
Multi-step Darboux transformation in terms of eigenfunctions only (say case (A)) gives the Crum's theorem [33, 20] and its generalization, Krein-Adler transformation [34, 21] . That of pseudo virtual state wavefunctions only (say case (B)) leads to Wronskian/Casoratian identities [18, 30] , which implies equivalence of case (B) and case (A) with shifted parameters.
That of virtual state wavefunctions only presents the multi-indexed orthogonal polynomials [5, 27] .
The quantum systems to be considered have some parameters (coupling constants), de- 
namely we use seed solutions
The deformed systems are [5, 27] 
Here the Hamiltonians of the deformed systems are
14)
; λ) 15) and their eigenfunctions are
17)
where
The shift δ and twisted shiftsδ I ,δ II are given in Appendix for each polynomial. The de-
; λ and the multi-indexed orthogonal polynomiaľ
; λ are polynomials in η(x) and their degrees are generically 1 ℓ D and
They are the polynomial parts of the Wronskian/Casoratian appearing in the eigenfunctions (2.9)-(2.10): The deformed Hamiltonian H D (λ) is non-singular for large enough g (L), large enough g and h (J), large enough Re a j (∀j) (W) and small enough |a j | (∀j) (AW). For more details, see [5, 27] .
Pseudo Virtual States and Wronskian/Casoratian Identities
By using pseudo virtual states which are obtained from eigenstate by using the discrete symmetry of the original Hamiltonian, some Wronskian identities [18] and Casoratian identities [30] are derived. These identities imply the equivalence of two deformed quantum systems 1 For specific values of parameters, the coefficient of the highest power term may vanish, see § A.4.3.
obtained by Darboux-Crum transformation in terms of pseudo virtual state wavefunctions and eigenfunctions with shifted parameters. Here we extend these results. The data of pseudo virtual states are given in Appendix.
First we consider W and AW cases. In [30] the followings are shown. Let a set D and an integer N be
A setD andλ are defined bȳ
Deform the original systems H(λ) and H(λ) by Darboux-Crum transformation with the following seed solutions:
The denominator polynomials Ξ pvs D (η; λ) andΞD(η;λ) are given by
Then we have the Casoratian identity 6) and this implies the equivalence of two deformed systems
These Hamiltonians are non-singular if the index setD satisfies Krein-Adler (KA) condition,
(n − e j ) ≥ 0 (∀n ∈ Z ≥0 ) [34, 21] . These relations are based on the energy relatioñ
The choice of the integer N is not unique and the systems with different N are related by shape-invariance. 
and the energy eigenvalues satisfy
Therefore we can further perform Darboux-Crum transformation taking these eigenfunctions with energy E n (λ) and E N +1+n (λ) as seed solutions, which originate from φ n (x; λ) and
Since the same procedure is applied to equivalent systems, we have
These Hamiltonians are non-singular ifD ext satisfies KA condition. By defining Ξ pvs+es Dext (η; λ) andΞD ext (η;λ) as 
or its Wronskian version. This relation is valid for any parameter ranges (except for specific parameter values mentioned in footnote 1). Various data are given in Appendix.
Wilson and Askey-Wilson
First we consider W and AW cases. From the relation between (pseudo) virtual state and
and t = t II • t I , we havẽ 
, . . . ,φ
where t I + βδ = t I (λ + βδ I ) is used. Therefore the denominator polynomial with both type I and II indices is proportional to one of type I only,
The relationδ
By using this, (4.6) and the general formula for potential function (2.15), we can show that
Namely we obtain the equivalence of two deformed systems, type I and II mixed system and type I system with shifted parameter,
This equality as an algebraic equation holds for any parameter ranges but this deformed
Hamiltonian is non-singular only for restricted parameter ranges (see the end of § 2). From the general formula (2.17), we can show
Therefore the general formula for eigenfunctions (2.16) gives
This proportionality is valid for any parameter ranges.
Similarly, by substituting λ → t II (λ) in (4.1), we can show that a type I and II mixed system is equivalent to a type II system with shifted parameters. Results are the following:
12)
We note that ℓ D = ℓD I = ℓD II and the energy eigenvalues are invariant under twisting shifts,
Jacobi
Next we consider Jacobi case. The argument presented in the previous subsection applies also to this case. From (4.1) we obtain the proportionality (4.6). By using (4.7), (4.6) and general formulas (2.13) and (2.16)-(2.18), we can show (4.10) and
Therefore we obtain (4.9) and (4.11). We have also (4.12)-(4.17).
Laguerre
Lastly we consider Laguerre case. The (pseudo)virtual states are (see Appendix)
and we haveφ
The property of the Wronskian (
,
. By using these, (4.1) with the replacement x → ix leads to (4.6), and (4.1) with the replacement λ → t(λ) leads to (4.14).
Once (4.6) and (4.14) are obtained, the remaining task is the same as Jacobi case. By using (4.7), (4.6) and general formulas (2.13) and (2.16)-(2.18), we can show (4.10) and (4.18). Therefore we obtain (4.9) and (4.11). We have also (4.12)-(4.17).
Zero level deletion
If the degree of virtual state wavefunction for deletion is zero (d j = 0), an M-indexed orthogonal polynomial reduces to an (M − 1)-indexed orthogonal polynomial [5, 27] : 20) which are the consequences of shape-invariance. They can be rederived by (4.11) and (4.16).
By using (4.11), the following index sets give equivalent multi-indexed orthogonal polynomials: 
Summary and Comments
Multi-indexed orthogonal polynomials of L, J, W and AW types are labeled by an index set D but different index sets may give the same multi-indexed orthogonal polynomials, 
However these proportionalities of the denominator polynomials do not mean those of the multi-indexed orthogonal polynomials. In fact, we have P D,n (η; λ) ∝ P D ′ ,n (η; λ ′ − 2δ) for
Corresponding to the three term recurrence relations for ordinary orthogonal polynomials, M-indexed orthogonal polynomials satisfy 3 + 2M term recurrence relations [28] . When we calculate multi-indexed orthogonal polynomials explicitly, this 3 + 2M term recurrence relation provides us more effective calculation method compared to their original definitions which are expressed in terms of determinant. If the M-indexed orthogonal polynomials We present D ′ with the minimum M ′ . For M I , M II > 0 cases, we have
For M I = 0 or M II = 0 cases, let us assume d 1 < · · · < d M and use the formulas in the opposite direction. Then we have for M II = 0,
where L is j giving the maximum value of 2j − 1 − d j (L may not be unique) and d
The case M I = 0 is similar,
where L is same as (iii) and d
For illustration we present examples:
Note added: After submitting the manuscript (arXiv:1309.2346[math-ph]), we have noticed that the proportionalities (4.11) and (4.16) can be directly derived by repeated use of (4.19) and (4.20) , which is an idea of K. Takemura (private communication, [36] ). 
A Various Data
For reader's convenience, we present various data of quantum mechanical systems described by Laguerre(L), Jacobi(J), Wilson(W) and Askey-Wilson(AW) polynomials [5, 27, 18, 30] .
A.1 Original systems
The Hamiltonian and eigenfunctions have the following form
and the systems are shape-invariant
which implies the forward and backward shift relations
with E n (λ) = f n (λ)b n−1 (λ).
A.1.1 Laguerre and Jacobi
Operators H(λ), A(λ), A(λ) † , F (λ) and B(λ) are
Various data of these systems are:
), (A.10)
where L (α) n (η) and P (α,β) n (η) are the Laguerre and Jacobi polynomials [35] respectively.
A.1.2 Wilson and Askey-Wilson
p , (A.13)
), κ = 1, 
A.2.1 Laguerre and Jacobi
We have changed the signs ofδ I andδ II from those in [5] .
A.2.2 Wilson and Askey-Wilson
), (A.22)
A.3 Pseudo virtual state wavefunctions
The twist operation t is defined by 24) and the energy of pseudo virtual stateφ
A.3.1 Laguerre and Jacobi 
